422 J. THERMOPHYSICS, VOL. 17,NO. 3: TECHNICAL NOTES

2Broadwell, J. E., “Effect of Mixing Rate on HF Chemical Laser Perfor-
mance,” Applied Optics, Vol. 13, No. 4, 1974, pp. 962-967.

3Mirels, H., Hofland, R., and King, W. S., “Simplified Model of
Continuous-Wave Diffusion-Type Chemical Laser,” AIAA Journal, Vol. 11,
No. 2, 1973, pp. 156-164.

4Gross, R. F. W., and Bott, J. F. (eds.), Handbook of Chemical Lasers,
Wiley, New York, 1976.

SDriscoll, R. J., “Effect of Reactant-Surface Stretching on Chemical Laser
Performance,” AIAA Journal, Vol. 22, No. 1, 1984, pp. 65-74.

6Acebal, R., “Hydrogen Fluoride vs Deuterium Fluoride Space-Based
Laser Performance Comparison,” AIAA Journal, Vol. 36, No. 3, 1998,
pp. 416-419.

"Rose, P. H., “Advanced Laser Technology Developmentin Shock Tubes,”
Shock Tube and Shock Wave Research, edited by B. Ahlborn, A. Hertzberg,
and D. Russell, Univ. of Washington Press, Seattle, WA, 1978, pp. 508-518.

8Bott, J. F., and Cohen, N., “A Shock Tube Study of the Reaction of
Methyl Radicals with Hydroxyl Radicals,” International Journal of Chemi-
cal Kinetics,” Vol. 23, No. 11, 1991, pp. 1017-1033.

Derivation of Heat-Flux Dependence
on Pressure Gradient
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Nomenclature
E(r, 1) = total energy
f@r,v,t) = local equilibrium Maxwellian
Je(r,t) = average heat-flux vector
kg _ = Boltzmann constant
P™ = N particle specific distibution function
p(r,t) = pressure
r = position vector
T@r,1) = temperature
t = time
v = microscopic velocity
Aa = anelement of area
p(r,t) = mass density

Introduction

N the derivation of Cattaneo’s heat-flux law that was presented

before,! > some steps were approximations, which were done
for the purpose of demonstrating the salient feature of the heat-flux
law that results from energy dynamics considerations. For example,
the equalities (Ev) = (E)(v) and (Ev?) = (E)(v?) were used, and
the extra terms on the right-hand side of the preceding equalities
were not included in the final result. Moreover, the distibution func-
tion needed to be the constant [1 — (8/37)] multiplied by the local
Maxwellian in order for the Eucken number to be close to the value
2.5,and the gasneededto have an overall speed thatis higherthanthe
sonic speed. The purpose of this Note is to show that when the extra
terms are included then one would recover the precedingresult with
an additional term, which is the pressure gradient. Also, the consis-
tancy of the energy equation presented before' with the the energy
equationin transport phenomenonis explained here. It is shown that
under certain conditions the heat-flux law will depend simultane-
ously on temperature and pressure gradients. The heat flow depen-
dence on pressure gradient was suggested by Truesdell and Toupin
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and Champman and Cowling, as was discussed by Roetman.* This
dependencehelps deriving a hyperbolic heat equation, which is the
needed equation for heat conduction with finite signal time.

Statistical Mechanical Derivation
of the Pressure Gradient Term
To derive the constitutive heat-flux law, which includes the re-
laxation time from the principles of energy transport, one needs to
consider the following relations:
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where p(r,t)=mn(r,t), n(r,t)= fd3vf(r, v,t) is the number
density and m is the mass of the microscopic particle. In the ab-
sence of external forces and when there are no interactions between
the particles of the gas, as in point particles, the energy conservation
law in a fixed frame is given by’
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which when Egs. (1) and (2) are substituted into will give
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The Liouville equation is given by’

9P _
+V.-VP®M =0 (5)
ot
where V= (r,r2,...,F5;P1,D2,--.,Py) isthephasespace veloc-

ity. Integrating Eq. (5§) with respect to all of the phase space coordi-
nates except the positionr; and the momentum p; and assuming the
absence of both pair potentials responsible for internal forces and
the one particle potentials reponsible for external forces will give

gPw
T+V-VP<'>:0 (6)

where PO = PO (), py, ). But PO = fO/N with fO(@r,p, 1)
being the generic distribution function® The replacement of the
distribution function in phase space by the distribution function in
coordinate-velocityspace in Eq. (6) will lead to
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E(ﬁ) +V'V(ﬁ) =0 (7)

If one is to consider averaging over a finite volume element §V,
then that would correspond to reducing the sample space over
which the averaging is done. Moreover, §V can be chosen small
enough such that f(r,v,?) is constant over §V. Hence, Eq. (7)
must be true only for the total number of particlesin §V, in which
case avoiding overcounting can be accomplished by dividing f by
the total number of particles in §V only. The volume 8§V should
be chosen such that it is a very large volume for molecular di-
mensions yet a very small volume for the macroscopic dimen-
sions of the gas. Now N = fv &*r [ dPuf(r,v,t)= fv d*ra(r, t)
is the total number of particles in the entire gas. Therefore,
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N = fav d3rn(r,1)=8Vn(r,t) is the total number of particles in
8V, which along with Eq. (7) will give
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Equation (9) will reduce Eq. (4) to
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Assuming the validity of the equation
9 , Hv? L Hv?
8| p Dy - _v. p(r, vy (1n
ot 2 2

does not contradictany physical statement. By multiplying Eq. (11)
by (f/n) and integrating over all values of v, one will get Eq. (10),
which is a physical equation that results from the conservation of
energy law. Moreover, if all of the particles have only one value
of v then Eq. (11) will follow. There is nothing that overrules that
assumption; however, if that state did exist then it will be for an
instant because particle collisions will redistribute the velocities
among the particles. Therefore, we are saying that among all of the
possible states that the particles in §V can have the one state that
correspondsto all particleshaving equal velocitiessatisfies Eq. (11).
Integrating Eq. (11) over the local volume 8V will give

a d
fcﬁrvyg = —fd%% = —Efd%gg (12)

where Jz = (1/2)pv*v and g = (1/2)pv?. Using the divergence
theorem in Eq. (12) will lead to

fjg(r, v,t)~da=—%€(v, 1) (13)

where Ew, 1) = [ d*rop(r,v,t)= [ d*r(1/2)pv?. Assume 8V to
be a cylinder and use its symmetry! to write Eq. (13) in the form

t t
E(v,t):—/ d@/ JE(r,v,O)-da:—/ dOTE(v,0) - La
0 s; 0

(14)

where on the surface S; it is assumed that J;(r,v,0)=Jr(v,0)
only. Equation (14) was the starting pointin the earlier work, which
was an application of statistical mechanics and the conservation
of energy principle to derive Cattaneo’s heat-flux law.! Taking the
ensemble average of Eq. (14) will give
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Because local averages are taken, the integrand can be assumed
constant over the volume integral; hence,

fd3v%pv2f(r, v, 1)
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where E(r, t) is the total energy in 8 V. With Eq. (16) one can write
Eq. (15) as

E(r,t) = —/ doJe(r,0,1) - Aa 17
0

which is a local equation that holds for the local volume §V. To
be able to study the dynamics of heat flow, one must take the time
derivative of Eq. (17), which is
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When evaluated, the right-hand side of Eq. (18) will become
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where C(r, t) =v —u(r, t) is the microscopic velocity relative to the
frame of the moving gas, u = (v), B =1/k T, and where use has
been made of the relation

(Ev) = (E)(v) + (EC) (20)

Also, because the distribution function is the local Maxwellian a
direct evaluation of the averages would reveal that

(Ev%) = (E)(v*) + NkpT ((v*) + (v)?) 2D

where the same directevaluationwillindicatethat (EC) = Nkg T (v),
which when substituted,along with Eqs. (20) and (21), into Eq. (19)
will give
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where M = Nm is the total mass within §V. Because the colli-
sionless Boltzmann equation is being considered and because the
distribution function is the generic one, one can assume that within
the infinitesimal time 8¢ the net change in the velocity is zero. In
other words, set dv/dt =0. Then Eq. (22) will become
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The first term on the right-hand side of Eq. (23) is the change of
energy caused by the flow of matter into §V. When neglecting con-
vective transport,4 this term will be equal to —(§ V/2){(v*)pV - u,
which when substituted, together with the relation
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into Eq. (23) will give
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where in getting Eq. (25) use has been made of the Euler equation
p(@u/dt) + pu- Vu =—V p and terms with u to a third order have
been neglected, which is similar to neglecting convective energy
current.” Putting Eq. (25) into Eq. (18) leads to
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If the overall motion of the gas is along the heat flow, then u = un,
and Aa = —Aan, which will help writing Eq. (26) as

) 0,t .
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where A= (3/2)NksTu/AaT, X' =8Vu/Aa, and i=(5/2)
NkyT/Aa. With the application of linear response theory, the Ap-
plication of the inequality in Eq. (A1) given in the Appendix, and
the Ergodic Theory,' the left-hand side of Eq. (27) can be written in
the form

oJe(r,t)
[—

Py +Jer t, 1) = =AVT —XVp+ MV -wi (28)

Equation (28) says that if the relaxation time 7 is small enough to
make that term in the equation neglegible then one would still get a
finite signal time for heat conductionbecause of the presence of the
pressure gradient* If, however, the pressure gradient is negligible
comparedto the otherterms appearingin the heat-flux equation, then
in order to have heat flow with finite speed of propagationone must
have a finite value for the relaxationtime t. Therefore, for constant
densities the Fourier heat flux law is recovered only if both the
pressure gradient and the relaxation time have small contributions
to the heat-flux law.

Conclusion

When one considers heat flow in a monoatomic ideal gas at the
local equilibrium state then the heat flux’s direct proportionality to
the pressure gradient becomes an inherent property of the system.

Appendix: Proof of the Inequality
To be able to get Eq. (28), one needs the inequality

(v v (OF) < ([vi O ()] (AL)

To show the preceding inequality, let ¥ =[v;(0)v; "] and X =
v; (0)v; (1), then the Schwartz inequality will allow one to write

(00w (OF) = (%) = (YX) < /(r2)(X2)  (A2)

The functions X2 and Y? are convex functions; therefore, the func-
tions —X? and —Y? are concave functions. Hence, by applying the
Jensen’s inequality twice to the right-hand side of Eq. (A2) one gets

VIr ) = Vi—r=x2) = V=nx-x2)

< V=)= (x)2) = V(12 x)? (A3)

While realizing the fact that ¥ = X2, apply the Jensen’s inequality
twice to the last equality in Eq. (A3):

VIN2HX)? = (=YD= (X)? = V(= (X2)(— (X)) (X)?

= V(=X (=X2)(X)2 < V(X)2(X)2(X)? = (X)’  (A4)
Therefore, from Eqs. (A2—-A4)
(X%) < (X)} (AS)

References

TAli, A. H., “Statistical Mechanical Derivation of Cattaneo’s Heat Flux
Law,”Journal of Thermophysics and Heat Transfer, Vol. 13, No. 4, 1999,
pp. 544-546.

2Ali, A. H. “Trreversible Thermal-Diffusional Coupling at Local Equilib-
rium,”Journal of Thermophysics and Heat Transfer, Vol. 14, No. 4, 2000,
pp. 601-604.

3Ali, A. H., “Non-Fourier Heat Flux Law for Diatomic Gases,” Journal
of Thermophysics and Heat Transfer, Vol. 14, No. 2, 2000, pp. 281-283.

4Roetman, E. L., “Heat Conduction with Finite Signal Time,” Interna-
tional Journal of Engineering Science, Vol. 13, July/Aug. 1975, pp. 699—
701.

5 Mohling,F., Statistical Mechanics, Wiley, New York, 1982,pp. 107-109,
215.

®Hirschfelder, J. O., Curtiss, C. F., and Bird, R. B., “Ensembles and Dis-
tribution Functions,”Molecular Theory of Gases and Liquids, Wiley, New
York, 1954, p. 84.

7Irving, J. H., and Kirkwood, J. G., “The Statistical Mechanical Theory
of Transport Processes. IV The Equations of Hydrodynamics, The Journal
of Chemical Physics, Vol. 18, No. 6, 1950, p. 818.



